In this paper, we introduce the notion of E-Courant algebroids, where E is a vector bundle. It is a kind of generalized Courant algebroid and contains Courant algebroids, Courant-Jacobi algebroids and omni-Lie algebroids as its special cases. We explore novel phenomena exhibited by E-Courant algebroids and provide many examples. We study the automorphism groups of omni-Lie algebroids and classify the isomorphism classes of exact E-Courant algebroids. In addition, we introduce the concepts of E-Lie bialgebroids and Manin triples. 
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Proof. By Property (EC-3), for all X, Y, Z ∈ Γ(K) and f ∈ C ∞ (M ), we have
Since the pairing (·, ·) E is nondegenerate, it follows that
By Property (EC-2), we have
Substitute [X, f Y ] K by (5) and apply Property (EC-2) again, we obtain (6) .
For a subbundle L ⊂ K, denote by L ⊥ ⊂ K the subbundle Evidently, L = L ⊥ implies that L is maximal isotropic with respect to the E-valued pairing (·, ·) E . In general, L being maximal isotropic with respect to (·, ·) E does not imply L = L ⊥ .
Example 2.5. Let K be R 3 with the standard basis e 1 , e 2 , e 3 . The R-valued pairing (·, ·) R is given by (e 1 , e 3 ) R = (e 2 , e 2 ) R = 1, (e 1 , e 1 ) R = (e 1 , e 2 ) R = (e 2 , e 3 ) R = (e 3 , e 3 ) R = 0.
Obviously, L = Re 1 is maximal isotropic but L ⊥ = Re 1 ⊕ Re 2 = L.
Proposition 2.6. Any Dirac structure L has an induced Lie algebroid structure and is equipped with a Lie algebroid representation ρ L = ρ | L : L → DE on E.
Proof. Given a Dirac structure L, by Property (EC-2), we have [X, X] K = 0, for all X ∈ Γ(L), which implies that
Finally by Property (EC-1), ρ L : L → DE is a representation.
Remark 2.7. If E is the trivial line bundle M × R, then DE ∼ = T M ⊕ (M × R). Thus we can decompose ρ = a + θ, for some a : K −→ T M and θ : K −→ M × R. For a Dirac structure L, since ρ L is a representation of the Lie algebroid L, it follows that θ L = θ| L ∈ Γ(L * ) is a 1-cocycle in the Lie algebroid cohomology of L. Therefore, (L, θ L ) is a Jacobi algebroid, which is, by definition, a Lie algebroid A together with a 1-cocycle θ ∈ Γ(A * ) in the Lie algebroid cohomology [10] .
One may refer to [27] for more general theories of Lie algebroids, Lie algebroid cohomologies and their representations. Now we briefly recall the notions of omni-Lie algebroids, generalized Courant algebroids, Courant-Jacobi algebroids and generalized Lie bialgebroids. We will see that E-Courant algebroids unify all these structures.
• Omni-Lie algebroids The notion of omni-Lie algebroids is introduced in [5] to characterize Lie algebroid structures on a vector bundle. It is a generalization of Weinstein's omni-Lie algebras. Recall that there is a natural symmetric nondegenerate E-valued pairing ·, · E between JE and DE:
Moreover, this pairing is C ∞ (M )-linear and satisfies the following properties:
Furthermore, Γ(JE) is invariant under any Lie derivative L d , d ∈ Γ(DE), which is defined by the Leibniz rule:
Definition 2.8.
[5] Given a vector bundle E, the quadruple (E, {·, ·}, (·, ·) E , ρ) is called the omniLie algebroid associated to E, where E = DE ⊕ JE, the anchor ρ is the projection from E to DE, the bracket operation {·, ·} and the nondegenerate E-valued pairing (·, ·) E are given respectively by
If there is no risk of confusion, we simply denote the omni-Lie algebroid (E, {·, ·}, (·, ·) E , ρ) by E. We call the E-valued pairing (8) and the bracket (9) , respectively, the standard pairing and the standard bracket on E = DE ⊕ JE. One may refer to [5] for more details of the property of omni-Lie algebroids. Evidently, the E-adjoint map ρ ⋆ is 1 JE , the identity map on JE. It is easily seen that the omni-Lie algebroid E is an E-Courant algebroid. Its Dirac structures are studied by the authors in [6] .
• Generalized Courant algebroids (Courant-Jacobi algebroids) The notion of generalized Courant algebroids is introduced in [29] . It is a pair (K, ρ θ ) subject to some compatibility conditions, where K → M is a vector bundle equipped with a nondegenerate symmetric bilinear form (·, ·), a skew-symmetric bracket [·, ·] on Γ(K) and a bundle map ρ θ : K → T M × R, which is also a first-order differential operator. We may write ρ θ (X) = (ρ(X), θ, X ), where ρ : K → T M is linear and θ ∈ Γ(K * ) satisfies
One should note that the skew-symmetric bracket [·, ·] does not satisfy the Jacobi identity. The notion of Courant-Jacobi algebroids is introduced in [10] . In [29] , it is established the equivalence of generalized Courant algebroids and Courant-Jacobi algebroids. Roughly speaking, the difference between them is that the generalized Courant algebroid has a skew-symmetric bracket [·, ·] and a Courant-Jacobi algebroid has an operation •, which is also known as the Dorfman bracket [8] . The former does not satisfy the Jacobi identity, while the later satisfies the Leibniz rule. Moreover, [·, ·] can be realized as the skew-symmetrization of •. A generalized Courant algebroid reduces to a Courant algebroid if θ = 0 (see [22] ). Evidently, a generalized Courant algebroid is an E-Courant algebroid if we take E = M × R. It follows that all Jacobi algebroids and Courant algebroids are M × R-Courant algebroids.
• Generalized Lie bialgebroids A Lie bialgebroid is a pair of vector bundles in duality, each of which is a Lie algebroid, such that the differential defined by one of them on the exterior algebra of its dual is a derivative of the Schouten bracket [18, 28] . A generalized Lie bialgebroid [15] , or a Jacobi bialgebroid [9] , is a pair ((A, φ 0 ), (A * , X 0 )), where A and A * are two vector bundles in duality, and, respectively, equipped with Lie algebroid structures (A, [·, ·], a) and (A * , [·, ·] * , a * ). The data φ 0 ∈ Γ(A * ) and X 0 ∈ Γ(A) are 1-cocycles in their respective Lie algebroid cohomologies such that for all X, Y ∈ Γ(A), the following conditions are satisfied:
where d * X0 is the X 0 -differential of A, [·, ·] φ0 is the φ 0 -Schouten bracket, L * and L are the usual Lie derivatives. For more information of these notations, please refer to [15] . For a Jacobi manifold
) is a generalized Lie bialgebroid. Furthermore, for a generalized Lie bialgebroid, there is an induced Jacobi structure on the base manifold M . In particular, both ((A, φ 0 ) and (A * , X 0 )) are Jacobi algebroids. If φ 0 = 0 and X 0 =0, a generalized Lie bialgebroid reduces to a Lie bialgebroid. It is known that for a generalized Lie bialgebroid
We give more examples of E-Courant algebroids.
Example 2.9. Let A be a Lie algebroid and
, we define the following operations:
is an E-Courant algebroid. In [20] , the notion of AV -Courant algebroids is introduced in order to study generalized CR structures, which is closely related to this example but twisted by a 3-cocycle in the cohomology of the Lie algebroid representation ρ A . Example 2.10. Consider an E-Courant algebroid K whose anchor ρ is zero. Thus ρ ⋆ = 0, and the bracket [·, ·] K is skew-symmetric. So K is a bundle of Lie algebras. Property (EC-3) shows that there is an invariant E-valued pairing. We conclude that an E-Courant algebroid K whose anchor ρ is zero is equivalently a bundle of Lie algebras with an invariant E-valued pairing.
Example 2.11. An omni-Lie algebra gl(V )⊕V is a special omni-Lie algebroid whose base manifold is a point, hence a V -Courant algebroid. Moreover, one may consider a Lie algebra (g, [·, ·] g ) with faithful representation ρ g : g −→ gl(V ) on a vector space V . This representation is called nondegenerate if for any v ∈ V , there is some A ∈ g such that ρ g (A)(v) = 0. Introduce a nondegenerate V -valued pairing (·, ·) V and a bilinear bracket [·, ·] on the space g ⊕ V :
where ρ :
we have ρ
is a V -Courant algebroid. The bracket defined above appeared in [17] . For any representation ρ : g −→ gl(V ), we call (g ⊕ V, [·, ·]) a hemisemidirect product of g with V . There is also a natural exact Courant algebra associated to any g-module [2] .
The above example can be generalized to the situation of Lie algebroids. 
for any X + µ, Y + ν ∈ Γ(A ⊕ JE), and define ρ :
• The jet bundle of a Courant algebroid At the end of this section, we prove that for any Courant algebroid C, JC is a T * M -Courant algebroid. The original definition of a Courant algebroid is introduced in [22] . Here we use the alternative definition given by D. Roytenberg in [31] , that a Courant algebroid is a vector bundle C −→ M together with some compatible structures -a nondegenerate bilinear form ·, · on the bundle, a bilinear operation ·, · on Γ(E) and a bundle map a :
On the jet bundle JC of the vector bundle C, we introduce the T * M -valued pairing (·, ·) * , the bracket [·, ·] JC and the anchor ρ :
By (3), we get
By (5), (6) and (3), we have
For any ξ ∈ Ω 1 (M ), we have
We identify C with C * by the bilinear form. For any f, g ∈ C ∞ (M ), it is straightforward to obtain the following relations:
These structures give rise to a T * M -Courant algebroid. 
. First we check Property (EC-1). Clearly, we have
On the other hand,
which implies that Property (EC-2) holds. It is straightforward to verify Property (EC-3). Property (EC-4) follows from (16) . Property (EC-5) follows from the fact that a • a * = 0.
3 The E-dual pair of Lie algebroids
Let A be a vector bundle and B a subbundle of Hom(A, E).
Introduce a series of vector bundles Hom(
If B is a subbundle of Hom(A, E), then A is also a bundle of Hom(B, E). The notation Hom(∧ k B, E) A is thus clear.
Obviously, if B is an E-dual bundle of A, then A is an E-dual bundle of B. We call the pair (A, B) an E-dual pair of vector bundles.
Assume
The second one is
, and (1) the representation ρ A : A → DE is B-invariant;
Proof. The implication (1) =⇒ (2) is obvious. We adopt an inductive approach to see the implica-
So we conclude that Γ(Hom(∧
This completes the proof of the equivalence of (1) and (2) . The equivalence of (1) and (3) is obvious.
Next we prove the equivalence of (2) and (4). For any X k ∈ Γ(Hom(∧ k B, E) A ) and ξ i ∈ B, we have
Since the E-valued pairing ·, · E is nondegenerate, we have
which implies the equivalence of (2) and (4). Obviously, JE and DE are mutually E-dual bundles. In the following, we show some properties of the bundle Hom(
Proof. By definition, we have µ
Therefore, the bundle map
Therefore, for k ≥ 2, the vector bundle Hom(∧ k DE, E) JE can be defined directly by
We will write
In addition, we regard Hom(
Proposition 3.5. For any k ≥ 0, the following sequence is exact:
Proof. If k = 0, 1, the result is clear. For k ≥ 2, it is obvious that k is an injection and Ô
It is straightforward to see that λ is a bundle map from ∧ k DE to E. Since for any Φ ∈ Γ(gl(E)),
which implies that the map µ k factors through , i.e. there is a unique ξ ∈ Hom(
Therefore, sequence (20) is exact.
In the sequel, we will omit the embedding k and directly regard Hom(
Recall that DE is a Lie algebroid and there is a natural representation
Lemma 3.6. The representation 1 DE of the gauge Lie algebroid DE on E is JE-invariant, i.e.
Then, we have
The other conclusions can be obtained similarly.
By Lemma 3.6, the representation 1 DE of DE on E is JE-invariant. Since JE is a Lie algebroid with all structures zero, we have 
In other words, there is a long exact sequence:
where n = dimM + 1.
Therefore, φ = 0, which implies that Hom(∧ 2 gl(V ), V ) V = 0. On the other hand, for any v ∈ V , v = v and for any u ∈ JV , u = 0. Thus, the first cohomology is trivial. 
which implies that H 0 (C(E)) = 0. For any λ ∈ Ω 1 (M ), by (25) , one gets Ô 2 ( λ) = −λ. Furthermore, we have (f 1 * ) = ( (f ) − df ) = − (df ), which implies that Ô 2 ( (f 1 * )) = df . Therefore, for any µ ∈ Γ(JE), we have
for some f ∈ C ∞ (M ), which implies that H 1 (C(E)) = 0. For similar reasons, one has H k (C(E)) = 0.
The automorphism groups of omni-Lie algebroids
In this section, we study the automorphism groups and the twists of omni-Lie algebroids. For i = 1, 2, it is subtle to define morphisms between two E i -Courant algebroids with different base manifolds, which remains a topic in the future. As for general Lie algebroid morphisms and Courant algebroid morphisms, please refer to [4, 13, 3] . Here we only consider the automorphisms of E-Courant algebroids.
Given an automorphism Φ : E −→ E over the diffeomorphism φ : M → M of the base manifold, there induces a unique automorphism Ad Φ of DE such that:
Definition 4.1. The automorphism group Aut(K) of an E-Courant algebroid K is the group of bundle automorphisms F : K −→ K covering bundle automorphisms Φ : E −→ E such that
We usually denote such an automorphism by a pair (F, Φ). The set of all automorphisms (F, 1 E ) is a normal subgroup of Aut(K), similar to the B-field introduced in [11] . Now let us study the automorphism group of the omni-Lie algebroid E = DE ⊕ JE defined in Definition 2.8. For any automorphism Φ : E −→ E, there is an induced map Φ :
It is clear that the pair (Ad Φ + Φ, Φ) is an automorphism of the omni-Lie algebroid E and it is totally determined by Φ.
There is another symmetry of the omni-Lie algebroid E, which we call the B-field transformation. Let us elaborate on this idea. For any b ∈ Γ(Hom(DE, JE)), there is a transformation e b : E → E defined by Proof. Let d, r ∈ Γ(DE), µ, ν ∈ Γ(JE). First, b is skew-symmetric implies that e b preserves the standard pairing given in (8) . We also have Proof. For any b ∈ Γ(Hom(∧
where Ô k is given in Sequence (20) . Then, by (25) , b = − µ. As a vector space, Γ(JE) ∼ = Γ(Hom(T M, E)) ⊕ Γ(E). Since 2 = 0, it follows that
In fact, any automorphism of the omni-Lie algebroid E is a composition of an automorphism Φ of the vector bundle E and a B-field transformation.
Theorem 4.4. Let (F, Φ) be an automorphism of the omni-Lie algebroid E, where Φ is an automorphism of E and F : E −→ E is an automorphism of E. Then F can be decomposed as a composition of an automorphism Φ of the vector bundle E and a B-field transformation e b .
Proof. Since Φ is an automorphism of E, (Ad Φ + Φ, Φ) is an automorphism of the omni-Lie algebroid E. Setting G = Φ −1 • F , the pair (G, 1 E ) is again an automorphism of the omni-Lie algebroid E. Since G and ρ are compatible, we can write
where b : DE → JE and σ : JE → JE are two bundle maps. Then, by
we know that σ = 1 JE and b is skew-symmetric:
Using the equation
we see that b is closed with respect to the Lie algebroid cohomology of DE. Thus F = Φ • e b , as required.
Corollary 4.5. The automorphism group Aut(E) of the omni-Lie algebroid E is the semidirect product of Aut(E) and Γ(Hom(T M, E)), i.e.
Aut(E)
where the action of Aut(E) on Γ(Hom(T M, E)), denoted by ·, is given by
, where φ * is the tangent of the map φ induced by Φ on the base manifold M .
Differentiating a 1-parameter family of automorphisms F t = Φ t • e tb , F 0 = 1, b = − µ, we see that the Lie algebra Der(E) of infinitesimal symmetries of the omni-Lie algebroid E consists of pairs (d, µ) ∈ Γ(DE) ⊕ Γ(Hom(T M, E)). The pair (d, µ) acts on Γ(E) via
From Theorem 4.4, we conclude:
Proposition 4.6. The Lie algebra Der(E) of infinitesimal symmetries of an omni-Lie algebroid E = DE ⊕ JE is isomorphic to the semidirect sum of Γ(DE) and Γ(Hom(T M, E)), i.e.
Der(E) ∼ = Γ(DE) ⋉ Γ(Hom(T M, E)).
Moreover, all of these derivations are defined by the standard bracket (9) of the omni-Lie algebroid E from the left hand side, and there is an exact sequence of Leibniz algebra morphism:
Proof. By (30), for any derivation d + µ, we have
which implies that derivations of the omni-Lie algebroid E are defined by the standard bracket (9). Also 2 = 0 implies that (Γ(E)) is the left center of the standard bracket (9), i.e. the kernel of the map ad. Thus, Sequence (31) is exact.
Similar to the fact that an exact Courant algebroid can be twisted by a closed 3-form, we consider the deformation of the omni-Lie algebroid E. Given a linear map Θ : Γ(DE ⊗ DE) −→ Γ(JE), we define a new bracket {·, ·} Θ on Γ(DE ⊕ JE) by {d + µ, r + ν} Θ = {d + µ, r + ν} + Θ(d ⊗ r).
To meet Property (EC-2), Θ must be skew-symmetric. To satisfy Property (EC-3), we need
which implies that Θ ∈ Γ(Hom(∧ 3 DE, E) JE ). In this way, it is standard to prove that {·, ·} Θ defines a new E-Courant algebroid structure on DE ⊕ JE (using the standard pairing (8) and the same anchor of the omni-Lie algebroid) if and only if Θ = 0. We call this E-Courant algebroid the Θ-twisted omni-Lie algebroid. Theorem 4.7. Any twisted omni-Lie algebroid is isomorphic to the standard omni-Lie algebroid E in Definition 2.8.
Proof. By Theorem 3.9, there is some b ∈ Γ(Hom(∧ 2 DE, E) JE ) such that Θ = b. By (28), we have e b {d + µ, r + ν} Θ = {d + µ, r + ν}, ∀ d + µ, r + ν ∈ Γ(E).
Furthermore, b being skew-symmetric implies that e b preserves the standard pairing (8) . Therefore, the transformation e b is an isomorphism.
5 Exact E-Courant algebroids
is said to be exact if the following sequence is exact:
Obviously, omni-Lie algebroids are exact. In [34] , it is shown that any exact Courant algebroid structure on T M ⊕T * M is a twist of the standard one by a closed 3-form. An important ingredient in the proof of this fact is that any exact Courant algebroid has an isotropic splitting, i.e. both T M and T * M are isotropic subbundles. Unfortunately, this fact is no longer true for an exact E-Courant algebroid when rank(E) ≥ 2. Therefore, we shall need the language of Leibniz algebra cohomologies.
Recall that a representation of the Leibniz algebra (g, [·, ·]) is an R-module V equipped with, respectively, left and right actions of g on V ,
where
The Leibniz cohomology of g with coefficients in V is the homology of the cochain complex
The fact that ∂ • ∂ = 0 is proved in [25] . For the omni-Lie algebroid E, Γ(E) is a Leibniz algebra [5] and Γ(DE) is a Lie algebra. So, there are two actions of the Leibniz algebra Γ(DE) on Γ(JE), respectively, defined by
For any b ∈ Γ(Hom(DE, JE)), ∂b = 0 is equivalently saying that
For any Θ ∈ Γ(Hom(⊗ 2 DE, JE)), ∂Θ = 0 is equivalently saying that
In the meantime, we treat the Lie algebra Γ(DE) as a Leibniz algebra and define left and right actions of Γ(E) on E, respectively, by
Note that any 2-chain Θ ∈ Γ(Hom(⊗ 2 DE, JE)) can be considered as a 3-chain Θ ∈ Γ(Hom(⊗ 3 DE, E)):
The following lemma can be easily verified. 
Two admissible pairs (ω, Θ) and ( ω, Θ) are said to be equivalent if there is some b ∈ Γ(Hom(DE, JE)) such that
2) Θ = Θ + ∂b.
For every b ∈ Γ(Hom(DE, JE)), ∂b is a 2-cocycle and we can define a symmetric bundle map
It is straightforward to verify that the pair (ω b , ∂b) is an admissible pair and it is equivalent to the admissible pair (0, 0).
There is a one-to-one correspondence between isomorphic classes of exact ECourant algebroids and equivalence classes of admissible pairs of the omni-Lie algebroid E = DE ⊕ JE. More precisely, for any exact E-Courant algebroid (K, (·, ·) E , [·, ·] K , ρ), one may identify K = DE ⊕ JE and take ρ as the projection to DE, and then there is a corresponding admissible pair (ω, Θ) such that
where {·, ·} is the standard bracket (9). Conversely, for any admissible pair (ω, Θ), Proof. We split the proof into four steps. In Step 1, we prove that the E-valued pairing of the exact E-Courant algebroid K is given by (37) . In Step 2, we prove that the bracket of K is given by (38) . In Step 3, we prove that if we choose different splitting, we obtain equivalent admissible pairs. In Step 4, we give the proof of the reverse statement.
Step 1. By choosing a splitting s : DE −→ K of the exact sequence (33), we have K ∼ = E = DE ⊕ JE and ρ is then the projection from E to DE. By Properties (EC-4) and (EC-5), for all µ, ν ∈ JE, we have
which implies that ρ ⋆ JE is isotropic under the pairing (·, ·) E . So if we transfer the pairing (·, ·) E on K to a pairing (·, ·) E on DE ⊕ JE, JE is isotropic. For any d ∈ DE, we have
Furthermore, for all d, r ∈ DE, we have
where ω : DE ⊗ DE −→ E is a symmetric bundle map. By (39), (40) and (41), it follows that the pairing is given by (37).
Step 2. For any d, r ∈ Γ(DE), by Properties (EC-1) and (EC-2), we are able to write
where Θ is an R-linear mapping Γ(DE) ⊗ Γ(DE) → Γ(JE). By (5), we know that Θ is also C ∞ (M )-linear and hence Θ ∈ Γ(Hom(⊗ 2 DE, JE)). Again by Property (EC-1), there is a bi-linear map
By Property (EC-3) and JE being isotropic, we have
Furthermore, we have
Again by Property (EC-3), we have
By (42), (43), (45) and (44), we get
Since the bracket [·, ·] K satisfies the Leibniz rule, we have
which implies that Θ is a 2-cocycle in the Leibniz cohomology of Γ(DE) with coefficients in Γ(JE) and the two actions are given in (34) . Since the pair (ω, Θ) comes from the E-Courant algebroid K, it is straightforward to verify that it is an admissible pair.
Step 3. Suppose that we have two sections s 1 , s 2 :
. By straightforward computations, we get
If we denote the new pairing by ω, for any d, r ∈ Γ(DE), then
Therefore, if we choose different splitting, we obtain equivalent admissible pairs.
Step 4. Conversely, for any admissible pair (ω, Θ), on DE ⊕JE, we define the pairing (·, ·) E and the bracket {·, ·} Θ by (37) and (38) . It is straightforward to see that
is an E-Courant algebroid. If we choose different representative element ( ω, Θ), assume that Θ = Θ + ∂b for some b ∈ Γ(Hom(DE, JE)) and the corresponding E-Courant algebroid is (DE ⊕ JE, (·, ·) ′ E , {·, ·} Θ+∂b , ρ). By some computations similar to (47), for any d+ µ, r+ ν ∈ Γ(DE ⊕ JE), we have
It is also obvious that
Remark 5.5. The extreme case that the induced symmetric bundle map ω : DE ⊗ DE −→ E is zero, i.e. the splitting is isotropic, already has been studied at the end of Section 3, which is in fact the twisted omni-Lie algebroid.
In some special cases, we can define an isotropic splitting as follows. Proposition 5.6. Under the circumstances above, if the induced E-valued pairing ω :
In particular, if E is a line bundle, there always exist isotropic splittings.
Proof. By definition, we have
for all d, r ∈ DE and µ, ν ∈ JE. Thus, s(DE) is isotropic and we proved the first claim.
Moreover, for any Φ ∈ gl(E),
If E is a line bundle, the conclusion follows, because gl(E) is then a trivial line bundle.
E-Lie bialgebroids
In this section we introduce the notion of an E-Lie bialgebroid, whose double turns out to be an ECourant algebroid. Conversely, any E-Courant algebroid which is the direct sum of two transverse Dirac structures provides an E-Lie bialgebroid. Similar to the fact that the base manifold of a Lie bialgebroid is a Poisson manifold, for an E-Lie bialgebroid, the underlining vector bundle E is a Lie algebroid (if rankE ≥ 2), or a local Lie algebra (if rankE = 1).
In the sequel, notations introduced in Section 3 are needed.
, the following conditions are satisfied:
When there is no confusion, we simply denote such an E-Lie bialgebroid by (A, B).
Let us give some examples. Recall the properties of an omni-Lie algebroid E = DE ⊕ JE. Proof. For any X ∈ Γ(A), ξ ∈ Γ(A * ), the representations ρ A and ρ A * are given by
where a and a * are, respectively, the anchors of A and A * . Evidently, we have d
Since ((A, φ 0 ), (A * , X 0 )) is a generalized Lie bialgebroid, we have (10) . By (48), Condition (1) of Definition 6.1 holds, i.e. d
To prove Condition (2) of Definition 6.1, one substitutes Y by f Y in (49), where f ∈ C ∞ (M ), and gets
By (11), we have
which is exactly Condition (2) of Definition 6.1. Finally, substituting X by f X in (50), we get
, which is exactly Condition (3) of Definition 6.1. Therefore, a generalized Lie bialgebroid ((A, φ 0 ), (A * , X 0 )) is truly an E-Lie bialgebroid.
Let (A, [·, ·], a) be a Lie algebroid and ρ A : A → DE a B-invariant representation, where B is an E-dual bundle of A. For any u ∈ Γ(E), X ∈ Γ(A) and X k ∈ Γ(Hom(∧ k B, E) A ), we define their Schouten brackets by
For any Λ ∈ Γ(Hom(∧ 2 B, E) A ), we introduce a bracket [·, ·] Λ on Γ(B):
By straightforward computations, we have the following formula: 
Proof. By (53), for any ξ, η ∈ Γ(B), we have
Therefore, ρ B is a homomorphism if and only if ρ A • [Λ, Λ] ♮ = 0. It is simple to see that for any
Furthermore, by (53), we have
For any X ∈ Γ(A), under the condition that ρ A • [Λ, Λ] ♮ = 0 and by some similar calculations did in [23] , one is able to get 
as required. Proof. By (55), it is straightforward to check the compatibility conditions of an E-Lie bialgebroid.
We omit the details.
The notion of local Lie algebra was introduced by Kirillov in [19] , which is a vector bundle E whose section space Γ(E) has an R-Lie algebra structure [·, ·] E with the local property, supp[u, v] ⊂ suppu ∩ suppv, for all u, v ∈ Γ(E). In particular, M is called a Jacobi manifold if the trivial bundle M ×R is a local Lie algebra, which is equivalent to that there is a pair (Λ, X), where Λ is a bi-vector field and X is a vector field on M such that [Λ, Λ] = 2X ∧ Λ and [Λ, X] = 0. A Jacobi structure reduces to a Poisson structure if X = 0. Similar to the fact that the cotangent bundle of a Poisson manifold is a Lie algebroid, T * M ⊕ R enjoys a Lie algebroid structure for every Jacobi manifold. A local Lie algebra is not a Lie algebroid since there is no anchor map. For example, the trivial bundle M × R with the Poisson bracket is only a local Lie algebra for every Poisson manifold M .
It is well known that a Lie bialgebroid (A, A * ) gives a Poisson structure on the base manifold M ( [28] ). If (A, A * ) is a generalized Lie bialgebroid, there is an induced Jacobi structure on the base manifold M ( [15] ). In the situation of an E-Lie bialgebroid (A, B) as in Definition 6.1, we introduce a bracket [·, ·] E on Γ(E) as follows
Theorem 6.6. Let (A, B) be an E-Lie bialgebroid,
Proof. By Condition (3) of Definition 6.1, the bracket defined by (56) is skew-symmetric. To check the Jacobi identity, for all u, v, w ∈ Γ(E), we have
Manin Triples
In this section we develop the theory of Manin triples of E-Lie bialgebroids analogously to that of Lie bialgebroids. It is known that for a Lie bialgebroid (A, A * ), we can endow A ⊕ A * with a Courant algebroid structure [22] . For a generalized Lie bialgebroid (A, A * ), we can endow A ⊕ A * with a generalized Courant algebroid structure [29] . Similarly, for any E-Lie bialgebroid (A, B), we can endow A ⊕ B with an E-Courant algebroid structure. In fact, we define on
and a bracket [·, ·] A⊕B by 
for all e i = X i + ξ i ∈ Γ(A ⊕ B). Here J(e 1 , e 2 , e 3 ) = {e 1 , {e 2 , e 3 }} − {{e 1 , e 2 }, e 3 } − {e 2 , {e 1 , e 3 }}.
The notation c.p. means cyclic permutations. J 1 (e 1 , e 2 , e 3 ) and J 2 (e 1 , e 2 , e 3 ) are, respectively,
Proof. We need the following formula,
for all X ∈ Γ(A), ξ, η ∈ Γ(B). Then, the rest of the calculations are very similar to those in [22] . We omit the details.
Remark 7.2. Equation (59) is different from Theorem 3.1 in [22] since the bracket [·, ·] A⊕B given by (58) is not skewsymmetric.
Lemma 7.3. For any X ∈ Γ(A), ξ ∈ Γ(B) and u ∈ Γ(E), we have
Proof.
Theorem 7.4. Given an E-Lie bialgebroid (A, B) as above, the quadrable (A⊕B, (·,
is an E-Courant algebroid, where (·, ·) E is given by (57) and [·, ·] A⊕B is given by (58).
Proof. By Conditions (1), (2) 
By Lemma 7.3 and Conditions (2) and (3) of Definition 6.1, we have
We also have,
So we get Property (EC-1). Since (ρ
and Property (EC-2) follows. Property (EC-3) is straightforward. Property (EC-4) follows from the fact that ρ 
Conversely, for an E-Courant algebroid K, suppose that there are two transverse Dirac structures A and B in K such that K = A ⊕ B, we want to show that (A, B) is an E-Lie bialgebroid.
Evidently, A and B are mutually E-dual vector bundles, with the pairing
By Proposition 2.6, both A and B are Lie algebroids whose anchors are, respectively, a = • ρ | A and a B = • ρ | B . In the meantime, there are representations ρ A = ρ | A of A and ρ B = ρ | B of B on E. The associated coboundary operators d
Similar to the result in [22] for Courant algebroids, we have the E-Courant algebroid analogue:
Theorem 7.5. If an E-Courant algebroid has a decomposition K = A ⊕ B, where A and B are transverse Dirac structures, then (A, B) is an E-Lie bialgebroid.
Proof. By Property (EC-2), for any X ∈ Γ(A), ξ ∈ Γ(B), we have
By (62) and Property (EC-3), we have
So we have L X ξ ∈ Γ(B) and L ξ X ∈ Γ(A), and one gets d Under the decomposition K = A ⊕ B, for sections e i = X i + ξ i ∈ Γ(K), i = 1, 2, the bracket [e 1 , e 2 ] K is given by (58). By Lemma 7.1 and the fact that Γ(K) is a Leibniz algebra, we have J 1 + c.p. + J 2 = 0. Moreover, we have
By Lemma 7.3, we have
The nondegeneracy of the E-valued pairing implies that L d B u ξ = −L d A u ξ, i.e. Condition (2) of Definition 6.1. Finally by (64), we have J 2 = 0, which implies that J 1 + c.p. = 0. In particular, if we take e 1 = X 1 , e 2 = X 2 and e 3 = ξ 3 , we have d • The E-Lie bialgebroid (DE, JE) induced by a Lie algebroid (E, [·, ·] E , a) Recall Theorem 6.6 where it is shown that for any E-Lie bialgebroid, there is a Lie algebroid structure (local Lie algebra structure) on E if rankE ≥ 2 (rankE = 1). There is also a canonical E-Lie bialgebroid (DE, JE) coming from a given Lie algebroid (E, [·, ·] E , a). If rankE = 1, similar conclusion holds for any local Lie algebra (E, [·, ·] E ).
In fact, if (E, [·, ·] E , a) is a Lie algebroid (or (E, [·, ·] E ) is a local Lie algebra when rankE = 1), we can define a skew-symmetric bundle map π : JE −→ DE by setting
(This appeared in [5] .) Moreover, we introduce a bracket [·, ·] π on Γ(JE) by setting
One is able to check that the graph of π is a Dirac structure and (JE, [·, ·] π , • π) is a Lie algebroid equipped with a representation π. Therefore, we obtain an E-Lie bialgebroid structure on (DE, JE). • Dirac structures For an E-Lie bialgebroid (A, B), suppose that H ∈ Γ(Hom(∧ 2 B, E) A ). Treated as a bundle map H : B −→ A, H has its graph G H = {Hξ + ξ| ∀ ξ ∈ B} ⊂ A ⊕ B. Proof. The property that G H is isotropic is equivalent to the condition that H ∈ Γ(Hom(∧ 2 B, E) A ). By (58), we have 
